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@:ITIW Integrals)

¢ Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL +

7.1 4feht (Introduction)
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Inverse Process of Differentiation )
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9 — 47
etan’lx

1+ x?

tan® (2x — 3)

| et 7.2 |

2.

5.

7.

16.

19.

22.

(log x)°
x
sin (ax + b) cos (ax + b)

XAjx+2 8.
1
x—\/; 11.
x2
2+3x) 14.
JRESE 17. —
2x _1
2x+1 20.
sec? (7 — 4x) 23.

Rationalised 2023-24

3.

251

oS X + sin x = ¢ FfaeATfua HIfSIT dTfeh (—sin x + cos x) dx = dt

I:I%:log|t|+C2: log |cos x + sin x|+ C,

5
2
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2cos x — 3sin x 1 cos \/;
Y Pk ik L E Y J— = 26.
6¢os x + 4sin x cos”x (1 - tan x) Jx

COS X

27. \/sin 2x cos 2x 28. ﬁ 29. cot x log sin x
1+sin x

i sin 1
30, 0% 31— 32.
1+cosx (1+cosx) 1+cot x
2
1 Jtan x 1+1log x
33. 34, NEOY 35, (tlogx)
1—tan x sin x cos x X
2 3. 1.4
+1 +1 x'sin (tan x
3, GrDlarlogy)’ - wsinfun ) : )
X 1+ x

Y9 38 T 39 H WEl I k1 I3 hITST:

9 X 10
38. JIOx +10" log, dx —
x'+10*
(A) 100-x"+C (B) 100+ x"+C
(©) (0"=x""+C (D) log (10" +x')+C

dx
39. J ) 2 I
sin” x cos” x

(A) tanx+cotx+C (B) tanx—cotx +C
(C) tanxcotx+C (D) tanx—cot2x+ C

732 Crwivfidta ad-afiepren’ & 3UGRT gRT GHIEHAT (Integration using

trigonometric identities)
e GHRed W e Beniuida wer fHied e 8, df g9 geeher 91 S & fag §9
M FAEHeRst 1 ST Hd B wE o Frefaiad Seel % gr wHern T )

sarevor 7 fEfafed w1 9 sifse

(i) _[coszx dx (i) _[sin 2x cos 3x dx (iii) _[sin3 x dx
3l
(i) GGt cos 2x =2 cos? x — 1 I TR wifsw e
cosx = LTSI o 3
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Tgfee _[coszxdx:l _[(1+c0s 2x) dx = l_|.alx+l.|.c0s 2x dx
2 T2 2
_ X Linorsc
4
1
(i) TGt sin x cos y = E[Sin(x+y)+sin(x—y)],ﬁ TR0 HifST

qd Isin 2x cos 3xdx=%Usin 5x dx—jsinxdx]

1 1
—|——cosS5x+cosx|+C
2{ 5 }

1
——c055x+lcosx+C
10 2

(iii) FEfHHT sin 3x = 3 sin x — 4 sin’x ¥ BH U g T

. 3 3sin x—sin3x
sin"x=————"-
4

3 1
.3 _- . J — .
Tgfee _[sm xdx—4 Ismxdx , _[sm 3x dx
= —Ecos x+icos3x+C
4 12

faepeud: _[sin3x dx:_[sinzx sin x dx = _[(l—coszx) sin x dx
cos x = W W —sin x dx = dt

Tafau jsin3x dx:-j(l ~1*)dr

—|ar+ tzdtz—t+i+C
Jar+] ;

1
—cosx+§cos3x+C

feoquit fhtottidte e -afishiati s ST i B T <9 <1 Tehal € foh <l S
T B

| worarett 7.3 |
1 922 d% o Y9 ° T el bl THISh 1 i)
1. sin’> (2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sinP Qx + 1) 5. sin’® x cos® x 6. sinx sin 2x sin 3x
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) _ 1-cos x COS X
7. sin 4x sin 8x 8. 1+ cos x 9. 1+ cos x
_ sin? x
10. sin*x 11. cos* 2x 12, ———
1+ cos x
Cos 2x — cos 2 oS X —sin x
13, — 14. 1+sin 2 15. tan® 2x sec 2x
COS X — COS & +sin 2x
sin® x +cos® x cos 2x + 2sin’x
16. tan*x 17. .2 2 18. 2
sin” xcos” x cos” x
1 cos 2x
19. ———— 3 20. . 2 21. sin !
7 sin xcos'x 0 (cos x +sin x) sin =7 (cos x)
1
22.

cos (x —a) cos (x —b)

Y9 23 T 24 H &l ST H1 IIF Hifeg)

sin” x —cos” x
23. J—zd TR T
sin” x cos” x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx+secx + C
1+
24, [ D) R 3
cos®(e*x)
(A) —cot (ex") +C (B) tan (xe") + C
(C) tan (") + C (D) cot(e’) +C

7.4 9 Tafyre Wt o Turehe (Integrals of Some Particular Functions)
79 I=ss ¥ &0 frefafed mecql guhe gl #1 oamen #i7 i 9gd 9 W
Hafera qraTforeh TETREH 1 A FH H SHHT TART |

1

dx
=—Iog
D J.xz—a2 2a

a+x
1

+C

- d
“ic @ jaz

x+a —x* 2a a—x

=log [x+vx* —a*|+C

1 x dx
=—tan ' =+ C @) _[—,—
Clz a a .X2 - a2
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=sin l—+C =log|x+vx*+a*|+C

d.
O e Ji (©) I—sz_%z

e &9 SUge qRomEl o fag w2l

1 1
(1) &9 9 efF 55— =

x‘—a _(x—a)(x+a)
1| @+a)-(x-a) _L[ 11 }
2a| (x—a)(x+a) " 2alx—a x+a
& dx 1 dx
'[x2—a2 Z{J‘x a_-[x+a}

:—[1og|(x— a)| - log|(x+a)|]+C

—da

——log +C

2a x+a

(2) 39 (1) o SER &9 W 8 f
I _1|(atx)+(@=x) 1 1 1
a’-x> 2a| (a+x)(a—x) =Z[a—x+a+x}

il Pt [ el

2
X

! [~log|a — x|+ log|a + x|]+ C

at+x

o
1
- —1lo +C
2a g

a—x

(1) % 3w &t T fafy @ smen sk 7.5 § w1 S

(3) x=atan 0TI W dx =a sec’ O do
dx a sec’ 0 do
w5 =]

2 +a® a® tan?0 + a?

:—jdezle+czltan—lf+c
a a a a
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(4) A TANY x = a secO T dx = a sec O tan 6 dO

J- dx =J- a secOtan0 d6
\/)c2 -a’ \/a2 sec’ —a?

= J-sece do =log |sece + tano |+C1

2

_ log 2y x_2_1
a V\a

= log| x+Vx* —a —10g|a|+Cl

=log| x+vx* —a® +C,\_r|%st:C1 —10g|a|

(5) O eifSef® x=asin 0TS dx = a cos 0 dO

+C,

8]

acos0do

- jde:e+czsin—lf+c

2 2 .2
a”—a” s a

dx _
R Ny
(6) T <ifST ff x=atan 6 9 dx = a sec?® dO

a sec’0 do

a’ tan’0 +a*

I iy

= jsecG do = log |(sece + tan 9)| +C,

[2
= log S x—2+1 +C,
a \a
= log x+vx2+d —10g|a|+C1

= log|x++x*+d*

T WO Gl o TANT § 376 BH b SN T WK hid € Sl SN i gfte
T ST B IR SO WHhel 1 | A T ok foTq 3ot Sten gt fepan o
Hehdl B

+C,ﬁC:C1—log|a|
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% Wjd—aﬁwa?m%ﬂ

ax”“+bx+c’

2
ax>+bx+c= c{x2+2x+£}:c{(x+i] +(£——]]fﬁ'@lﬁ %I
a a 2a a 4a®

2

. b .
aax+2i:z@ﬁmdx=dt®;—4—2 +k® foad gu gw U ? TR
a

b2
[c ]%ﬁgmﬁ%ﬁmﬁ@%m j 9 4 qREfdd

a 4 2+k2

Bl ST @ 3R TH YR ST HH F1d foRaA ST ST B

d.
(8) J\/axz_jm,éF YRR o GHIRT 1 T i oh faq (7) 1 wifa T sed

TU IO oAl 1 STAN ek HHIhe 1d fohar S Ghel 2l

pxtq
ax* +bx+c

29 U g ardfas Gt A9 B 910 & © it

) dx & p,q,a,b,c =R E, % FHR o GHEHE 6 HE & fag

px+q:Adi(ax2 +bx+c)+B=A _Q2ax+b)+B
X

AT B, T T ok fora g9 <HT uall | x ok oTeRl T STeRi i THM i &
Adel B 91 8 S W HHRER 1d U ®9 § afEfid @ S e

M,é; TR o AT 1 A T FH o e g9 (9) T sifa

10
1o '[\/ax2+bx+c
AT wgd ¥ 3R GHIhe i 1 W &6 o IRafdd s 2

T S faferal i F2 SN I e § que ¥
saretur 8 fefafad THeRadl i | SifsT

. J dx B J' dx
(@) 2 -16 (ii) m
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o dx dx 1
i) I&l = =—lo
® J‘x2—16 J‘x2—42 8 g

dx
(ii) jzx = = "

x—1=¢tT@H Wdx =dt

dx dt .1
THfAT = = ®H+C 74 (59
J.\/2x_x2 J.\/l_tz s [7.4 (5) 9]

x—4
x+4

+C (7.4 (1) 9]

=sin"'(x-1)+C

saretur 9 fefafad Taerel =i Jd Hifsm)
dx

dx
0 om0 I o s
B
(i) aﬁx2-6x+13:x2—6x+32-32+13:(x—3)2+4

1
WI —6x+13 I(,5_3)2+22

'H'F[Fﬂﬁl’l'{x—3=tﬁa dx =dt

dt 1t
Tgfeae =—tan  —+C
J —6x+13 Jt2+22 2 2 [7:4 (3
1. ., x-3
= —tan
2 2

(i) fen gen wHher 7.4(7) % ®9 1 €| §H HHhed o el | (EtaiEd YR
g fored &
13x 10

3x2+13x—1023[x2+———]
33

= 3{[”%]2 —[%ﬂ (gt &t T W)
1 dx

32 +13x—10 3 [ 13j2 (17j2
x+— | —| —
6 6

Wi [
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EEC | x+€=t T W dx = dt

J‘ dx _1 dt
3x* +13x—10 3 g [17j2

6

6x—4
6x+30

! x66+C i10
17 7] 13,17 1= 17 %%

1 1
-—1Io +C, +—log—
g 17 g3

1 1
:_10 +C = C +_l —
17 g ot 5 , where C 17 0og 3

1
G x—g=tT@ﬁtr{ dx = dt

dt

e Iﬁ‘%fm
5
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1 , (1Y
- —loglt+,/r* - 3 +C [7.4 (4) 9]

1 1 / 2x
- —loglx——+ [x* ===
5 5 5

3310l 10 frefofaa aarehert Eq) Ad ifeTg

+C

x+2 x+3
@ '[2x +6x+5 (if) Im
LSl
(i) G 7.4(9) 1 SYAN HId TC BH AeTH F €
x+2= Aj (207 +6x+5)+B = A (4x+6)+B
T Ul W x o U] U SRl i HHH HE W eH UM €

1 1
4A=1TM6A+B =2 &l A=Z3ﬁ'{B=E

x+2 1 4x+6
j2x2+6x+5 4922 +6x+5 2J2x2+6x+5
1 1
:ZII+EIZ CIERSiIEY) (D
LH, 20+ 6x+5=1T@ W (4x + 6) dx = dt
dt 2
Tty Ilzj7zlog|t|+Clzlogl2x +6x+51+C, ()
dx 1 dx 1 dx
R 12:J22+6 +5 2 5=5J 3V (1)
* * X% +3x+ > [x+) +( j
2 2 2
3 x+%:t,1‘@ﬁtr{dx:dt,€ﬂmﬁ%
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1 dt 1 _
L=— j - tan'2r+C, (7.4 (3) 9]

3
= tan_12[x+5]+ C, = tan"' (2x+3)+C, (3

(2) 3R (3) T 3T (1) § & WEH 10 &

J‘zx;zdlelog‘bf+6x+5‘+ltan_l(2x+3)+C,

2x°+6x+5 4 2

C, C

4 2

IE A 7.4 (10) & &9 H B EY x4 3 ! FEARgd &9 § sifoered

F T

S c=-t

x+3:Adi(5—4x—x2)+B —A(-4-2%)+B

X

S vl W xoh OTh! Wel TR Rl WHM HI W BH U B
~2A=13R-4A+B=3,

dalq A= —% B =1

x+3 4 - 2x dx

Fer '[\/5 4x—x* '[\/5 4x—x* '[\/5 4x—x*

1
= -5 L+, (D)

ILHS—dx—x*=1, W W(-4-2x)dx=dt

4— 2x dx dt
ofn I, = = 0/t +C,
'[\/5 4x—x? '[

= 2J5-4x—x* +C, - ()

- I :J- X :J- dx
P sax—x? CJo- 42y
Xx+2=tT@ W dx=dt
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dt .t
TafeT IZZJ‘W:SIH l§+C2 [7.4 (5) 9]
= sin‘l%2+c2 . (3)

TN (2) TE (3) &I (1) | yfqeenfod @ W F

J- x+3

NS—4x-x* )

| were®t 7.4 |

Y3 1 ¥ 23 Tk o oAl ol GHREH shifsd|

3x?
X +1
L
4. 79— 25x?
x—1
7. 21
1
10. /— ———
0 N2 +2x+2
1
B x-D(x—2)
4x+1
16. 2x%+x-3
6x+7
19 J(x=5)(x—4)
55 x+3
X o2x-5

11.

14.

17.

20.

23.

5x+3

Vx? +4x+10
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Y9 24 TH 25 H HEl I k1 99 HITST:

24, | ——
Ix2+2x+2

(A) xtan”' (x+ 1)+ C B) tan' (x+1)+C
) (x+Dtan'x +C (D) tan"'x + C
dx
25. TR
'[\/9x—4x2
(A) lsin—l(gx_gjm (B) lsin‘l(Sx_9j+C
9 8 2 9
_ 1. ,(9x-8
(©) %sin‘l(gxg 8j+c (D) sin 1[ x9 j+C
7.5 3ifoTeR Tt gRT |HTehe (Integration by Partial Fractions)
P
TR HIfY fF Tk 9iET wer (x),ﬂW$W¢mﬁﬁwmw

Qx)
2 STl P(x) T Q(x), x ¥ 988 § a1 Q(x) # 0. A P(x) &1 ¥ Q(x) I =N H A
2, @ o wor 3fad aRET wer weard 7 e faum afes wer weara g fawm
i weHl ol ot 9T fafy gry sfea 9fdg wom o w9 | ufafdq fean sn g

3 50 gr A LX) fwg e w3 a2 C o+ B9 o T H
&« Q) T W

@W%?’ﬁ?q)

&Y foran Sar 7, ord: fdt ot aRea o &1 9ureed et 3fad oiea wed &
AR 1 9L & &9 ¥ qfafdd 8l Sl &1 F8f W g6 59 aide worl o gaeher
W foeR w1, 3 & e @R fgemd queEel o fasfed g ot g

. P(t)

TH fee f j()dxmnﬁaﬁm%n%ﬁ% & 3faa aREa

e Bl Tk fafy, ﬁ@mﬁqﬁﬁﬁaﬁm%wﬁww% %1 e 9 feu
T T i HHROT A Herl o 40 o ®9 9 for@n S d9d 81 39 99
o 3 fafel # GEEd @ geeher Qe R ST HeRdar @1 frefofad
groft 7.2 fafds wxdt 7, o fafe= gR & af@9 werl & @ 7R IR & o
sTiferes fo=it o1 Warg fovam S weha 2

Rationalised 2023-24



264 TTfoTd

| Hott 7.2
wUleh | IRuT wem & 'Y 1ifoTeR Rt @ ®
Lo P A LB
(x—a)(x-b) x—a x-b
px+q A B
2 (x-a)’ X—a (x_a)z
. px>Hgx+r A N B N C
’ (x—a)(x-b)(x—c) x—a x-b x-c
A pxt+gx+r A _ B . C
' (x-a)’ (x-b) x-—a (x-a) x-b
< px’ +qx+r A, Bx+C
(x—a) (¢ +bx +c) x—a X +br+c
& X2 + bx + ¢ 1 AR AW [oEEE T TR S Fehl

Sude Gl § A, B Ud C ardfass " € fent sfad fafy 9 3@ i 2

3BT 11 1AM 1A it

J' X
Ge+1) (x+2)

7o T gen wathed U Sfuq ufdd wod @ sdfoe ofifyrs o= o &g
(| 7.2 ()], T ST H Y, &9

1 _A LB fmm¥ (1)
x+D(x+2) x+1 x+2
SEl A 3B ar&dfess Gead & el e Sfod fafy 9 o e 21 89 U @
1=A(x+2)+Bx+1)
X TN TS SR UG H FOE K W TH I T

A+B=0
w JA+B=1
1 THN hl 5 HE W EH A=1 3R B=— 1 9 Bl 2l
L 1 1 -1

fafad &9 § wra = +
Y YR AR frefafed B ® GrD 2 - x4l x+2
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it J- dx de I dx

x+D)(x+2) x4+l dx42

x+1 +C
x+2

= 10g|x+1|—10g |x+2|+C = log

feoquit Sueer GHiehToT (1) Ueh GeEiienT § 1efq T UH e S xoh gt e
Tt 7l o Ty 1 81 o @@ Hobd =1 SUAN F8 < o foy hed B fom feam
T3 U T HaGiteh & A Hohd =1 ST 98 T o forg sed € fop ez gen
he Teh FHIHOT & 1l g8 <9 o forg fon fean gan sem x ok ffvsa wmi & fog
T B

2
x”+1
—————dx % 9 ¥ HifU)

12 '[x —5x+6

2 +1

m@ﬁ%mﬁ%m@mﬂﬂﬁ
X—5x+6F AF FW ¢ IR 9 IA © 5
2 +1 5x-5 5x-5

=1+

T TR GHhed

x> —5x+6 X2 —5x+6 (x=2)(x-3)
R 5x=5 A . B
R L N S S S
GIED 5x-5=A(x-3)+Bx-2)

Tl el W x o Okl TE SR TS ol THM H{ W EH Ud € A+ B =5 3R
3A+2B=5.

T THIHON ! 8 HH W 8Y
A=-5 3R B=109d %W 2l
22 +1 | 5 10

HAd: =1- +
x> —5x+6 x-2 x-3
2
x“+1 1 dx
Tgfeae ——dx=\|dx-5 dx+10
'[xz—5x+6 '[ J.x—2 J.x—3

=x-5loglx— 2|+ 10 log|x =3+ C
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(x+D*(x+3)

T T gen wuehed Onolt 7.2(4) o XU g @hed o ®9 I 2| 37d: BH

3x-2 A B C
= + +
G+1D)*(x+3) x+1 (x+1)* x+3

e

e 3x-2=A@+1D)(x+3)+Bx+3)+C (x+ 1)
=A@W+4x+3)+BEx+3)+C (> +2x+1)
T gell W x> TN, x o T[OTeh! Tel =R USI HI O HH W UM € T
A+C=0,4A+B +2C =33 3A +3B + C =23 GHHWON %l 81 T T &

A_EB— 53ﬁIC— “U 4@ ¥ 55 yR g FrEfafed w9 § 9 g 2
4 2 4

3x-2 115 11
G+D*(x+3) 4@+ 2x+1D* 4(x+3)
3x-2 11 dx 5 dx 11 ¢ dx
e j(x+l)2(x+3) - Z-[x+17_J(x+1)2 IPRETE
11 5 11
:Zlog|x+1|+2(x+1)—210g|x+3|+c
_Eog x+1 + > +C
4 x+3| 2(x+1)
2
3a&Tg0l 1 Jm Eﬁlmaﬁaﬁml
2
X
A mﬁ@maﬁ'{x =yTﬁ§|'Q
x2 _ y
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Sl well Wy TUNhT T e WSl I Gl i W EH UM & A+ B =1 3R
4A +B =0, fSe® W g @

3
x° 1 4
S 2 2 ="% 2 T2
x+D " +4 3(x"+1) 3(x"+4)
; x2dx 1 ¢ dx 4 ¢ dx
I(x2+1)(x2+4)= gjx2+l+§J.x2+4

1 41 _x
= —tan 'x+—-—tan ' =+ C
3 32 2

= —ltan_1x+gtan_lf+C
3 3 2

ST IR § ohae SR 91 Al | o e faeendd foren e on 7
THSH Tl 9 o foIU) 376 ed U U S0 1wl hid © TSeH gHehe o
fore wfeeenes fafy wd enfyres fu=t fafer S 1 wgea &9 @ wgea foran 0 2

(3sin ¢ —2)cos ¢
5—cos’p—4sin ¢

SarE 15 | do %1 9 Fd Hife)

T A oifeg y = sind
qd dy =cosd do

I (3sing — 2)cos¢ f 3y — 2) dy
5—cos’hp—4 sin¢ 5-(1-y*) -4y
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319 BH fored & groft 7.2 (2) 9
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A0 el W yoh O WE TR TRl ! qoil el W BH UM ®, A=3Td
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T e1efiee FHTeher fefefad 9 o 9w g )
4

ldy =3[ Loraft

(y2)

4
2 —sin ¢

+C

3log| y—2|+4[_LJ+C = 3log| sin9—2 |+
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3log (2 —sin ¢) + LG (FIifeh 2 — sin ¢ THIN HE T)
2—sin ¢
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330l 16 Immqﬂaﬁaﬁml

o e gen wHhed U Sfud UREd e €1 UREd el ol enifvres fae o
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sqwmﬁ%aaﬂﬁmwAzg,Bzg,ngqﬁ%l
9 YR HH fEfafEad €9 § 9 gl
1
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C+D)(x+2)  5x+2) ¥ +1 0 S5E+2) S a7 +1
x> +x+1 1
RSl S dx = - X +— dx
I(x +1)(x+2) Ix+2 54241 ij2+1

3 1 |
= glog| x+2 |+§10g‘ X% +1 ‘+§tan 'x+C
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| ot 7.5 |
1 921 T & Y9l § IRHT HelAl bl THREA i)
X 1 3x-1
L Grhe+2) SR T -2 (-3)
X 2x
Y a3 S a2
1-x° X X
6. x(1-2x) 7 W+ @x-1) 8 x=D?* (x+2)
3x+5 2x-3 5x
P P e atl 10. (x> 1) (2x+3) 1. (x+1) (2 —4)
o +x+1 2 3x—1
12. o 13. oD 14. o)
1 LN N y
15 —— 16. D) [Siehd: 3191 T Bl x| W O HISC R
X' =1t @]
COS x . )
17. (1—sin x) (2 —sin x) [ﬂﬁv_d:smx=tﬂ'\@'q]
18 O +1) (x* +2) 2x 0 1
P43+ D) (2 +3) CxEt -
21. ! [Hehd: e = ¢ W]
(e" -1
Y99 22 T 23 | W& IW FT =TI Hiferml
xdx
2 [ ohaop T
(A) log +C (B) log +C
2
x—1
(C) log [E) +C (D) log|(x=1) (x=2)|+C
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23 J- dx
ERETE )

(A) loglxl—%log(x2+l)+C (B) 10g|x|+%log(x2+l)+C

1
(©) -log |x|+%log (2+1)+C (D) 510g|x|+10g o+ +C

7.6 WEIT: WHTehe (Integration by Parts)

70 U] W W GHhel 1 U SR fafy & ==l it S fR < el o ot
1 G I W §gd SUAn 2

I Tohet = x (HH AHC) H 4 3R v < SHehera Her € ol Sfesher o Uw
o & o9uR &9 U €

du
d—(uv)—u—+va
ST el 1 FHRe I T EH U T

MVZIM% dx+.|‘vcf—dz dx

dv du
A u—dx=uv—-|v—dx (1
'[ dx '[ dx M

oM efiferg fom u=f(x)3ﬁ'{%:g(x)ﬁa

%=f’ (x) v = [g () dx
X
Tafere gt (1) *t FrEfafed w9 fomn s g €
[ e @dr=F) [g ) dx—[[]g @) dx f()]dx
el [Fg@dr=f@) [g@de-[[f (0 [e) dxdr

IfE BH £ i YU Held 3R g 1 U o I o @ 39 g 1 FEfated w9
o e foran T ehar 2
“q el F UGS T GHHAT = (FUH Hed) x (f5d™ weH H1 gaHer) —

[(9eM Hard 1 SAdeha Tunieh) x (fgdia we™ o1 HRe)] 1 FHehe
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IS 17 _[xcosxdx 1 /M A RIS

TA fF(x) = x (I99 el 3R g (x) = cos x (g wer) Waw) a9 @ev: goehed 9
W e © TR

Ixcos X dx:xJ.cos xdx - J-[%(x) _[cos x dx] dx

= xsinx—.[sinxdx =xsinx+cosx+C

qH ofifeie T &9 f(x):costEf g(x)=x@ﬁ%'ﬁa
d
Ixcosxdx:cosxjxdx—j[a(cosx)jxdx]dx
x2 . x2
= (cos x)7+Is1nx7dx
T YRR B 2@d € o WHEEH [ xcos x dx , oM g W ki ek =@
A Nfueh hied THEhe o IRafdd 81 Sl 81 $Hfey 9em Heid Ue fgda o &
3fea =7 Hewyt 2
fewuit
1. 9% 9o &, o wee: gamher < werl & UHEthd w1 qeft feerft § vy
T €, s [V sin xdx 1 ferft § ww fofa wm T w3 gww"w

FRO T8 ¢ T TE HIE o Al | & 78l © ST stashers/x sin x B

2. o <ifSu e fgdta %o 1 T9ehed A S T9T 894 T THhA 3o
Tt Strer oml afg g9 fgdta wem cos x o THIEH i sinx +k, o ®9 § fored
€, Wl kg 3N €, 9

jxcosxdx:x(sinx+k)—j(sinx+k) dx

= x(sinx+k)— [sin xdx— [k dx

= x(sin x+k)+cos x—kx+C = xsin x+cos x+C

Ig Juiar © foF wew: gHeher fafa o v @ sifan oRomg @ s % fe
fgdta wer o THEhe  eTeR w1 Se = 2l

3. WHA: I I Her x b1 SId o &9 W 2 el x 1 9898 € dl 89 TH YUH
e o ®9 W od €1 gy et feafa o el g0 s it Sepiida wem
AU ATUhIE o §, @ BH SR Y| o o &9 H od
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331807 18 Jlogxdx @ i)

T U A o T B9 QH ®old 1 SFTAH oH | aremed € ferwent st
log x 21 BH log x ! J&H e TH 3o e | i fgdid ®er od €1 SR e
FHTHE x B

d

a7el: [ ogx 1) dx = 1ogledx—j[a(logx)jldx]dx
1

= logx.x—_[—xdx:xlogx—x+C
X

ISR 19 jxe"dx 1 Fifu

T x YT el T o i fgdla ®eM & 9 § ey
TH AT 1 AR = e
Tgfee Jxexdxzxex—jl.exdx =xe'— e+ C

xsin~'x

IETETT 20 jmdxaﬁaﬁﬁml

A X
T O I YoH %ol = sin - lx, 3R fgd wed = —
— X
1.088 mm
37a g9 T Hel 1 GHeH 10 Fd © i J‘\/Xdixzaﬁah‘{ﬁél
1-x
t =1-x M@
GE dt = - 2x dx
x dx 1 ¢ dt
QH?Q Y = ——|— :—\/;:—Vl—x2
J‘\ll—xz 2 \ﬁ
xsin 'x o ( / > 1 / 2
HAd: ﬂdx =sin x|-+vl—-x )_Jﬁ(— 1—x )dx

= —Jl-x*sin"'x+x+C = x—+1-x2sin"'x+C
forereua: sin'x = 0 Wiaefua e W iR 7 Ge: T H1 ST Hd Y
ot 39 gHHTH F1 B A1 ST Gl 2
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TAEOT 21 [ sinxdx {w@ o)

T ¢l YW He T sin x bl {5l ®eH o ®9 § IS0l a9 TSI: e 9
T UW € R
1= Iex sinxdx=e"(7c0sx)+Jexcosxdx

=—e*cos x + 1, (WH i) (D
1% " T cosx I HHW: oM TH f5iia we A g¢ 79 U € fR

I1= e” sin x—.[exsinxdx
I, "9 () H T |29 7§ %

I= —e" cos x+e'sin x — 1374 21 = e* (sin x — COS X)

X

3Ad: I= Jex sinxdx=%(sinxfcosx)+C

fosheud: sin x F1 YT HEH TG o 1 f5did wed o W ft Iuded aurshed &l
A feman ST Heman 21

7.6.1 je* [ FO) + £/ (0)]dx & TR &7 Taraher
= 7@ & fe L= [ef [ fe)+ /() dx = [ f @ dr+ e f ') dx

= L+ [e" f7(x) dx, ST 1= [e* f (x) dx (D)
LH f(x) Tol e* 1 HHAM: ToH T fgdla e oid gC U Ee30: FHhA gl &
¥ L =f ) e- [fx)ed+C
1, %1 (1) ¥ wfaeenfod % ® 0 9 §

= SO - [t dn+ [ /@ dx+C = ot f(x) + C
am: [e" () + £ (0)dx = e f(x)+C
FETETOT 22 Hd HIFT

1) J'e"(tan’lx+ ! 5 )dx (i) —(x2 +1e dx
I+x (x+1)°
T
() == I:jex(tan_lx+ ! 5 ) dx
1+x

SC| f(x) = tan'x, TNT, 96 f(x) =

1+ x?
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a1a: T gan woshed o [£(x) +£/(x)] % &1 H 2

L 1
Tafere I= _[e (tan lx+m)a’x =e¢'tan 'x + C

. (&P Hhe 1+1+1)
(i) W= et fF 1= | ET: dy=e* [—(x+1) 1dx

2— —
P et 22]dx =jex[x—1+ 2 ix

(x+1)?  (x+]) x+1 (x+1)?

mﬁﬁnﬁf@——aa [ )—( e
eﬂa.ﬁmgaﬂwm e[f(x)+f(x) 1% ®9 7 71

x“+1 x—1
gg E_fﬂ! x x= ex+C
I(x+1) x+1
| vl 7.6 |
1 922 % oF U1 oF Foldl ol G hifsd|
1. xsinx 2. xsin 3x 3. xre 4. xlogx
5. xlog2 x 6. x*log x 7. xsin'x 8. xtan! x
9. xcos!x 10. (sin"'x)? 11 xeos v 12. x sec’x
V1-x?
13. tan''x 14. x (log x)* 15. (2 +1)logx
) xe o 1+sin x
16. ¢* (sinx + cosx) 17. (1+x)2 18. 1+ cos x
e’ [l i} x=3e ¢ 2 o
19. 2 20. -1 21. e*sinx
22 sin_l( el j
’ 1+ X2
YT 23 TH 24 H W@l IW 1 9 HifSC
23. J‘xzeXdeW%:
A 1 x3 C B lexz_i_c
(A) e+ B) 3
C le)‘3+C D ! e
© 5 (D) e
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24. _[ex secx (1+ tan x) dx S 2

(A) e*cosx+C (B) e*secx+C
(C) e'sinx+C (D) etanx + C

7.6.2 5 31T UhR &F GHTFRT (Integrals of some more types)
TET B9 WeI: FHHH fafe W a5 fafire YR o Jraifoes Samehel i ==

Fa| w9 fE

@) j\/xz—az dx (i1) j\/x2+a2 dx (iii) j\/az—xz dx

@) maﬁqﬁl:j P —a® dx
ww1ﬁ@?ﬁawnﬂé§qaﬁimzmquﬁ%

I= xVx?— J x dx
x2 =

Cl

xVx’—a® - dx = xVx% - _[x g +a’

[
x\/xz—a2 —J.\/xz —a* dx—a’

J- dx
Jxt-a?

xVxt—-a’ -1-a

I

dx
j [ _ 42
YAl I= J‘«lx2—a2dx=§\/xz—a2—%log‘x+x}x2—a2

T YR TR A FHGCH H SR W 1 i 5T we R T W
TaTeRe faf g &9 U €

31eqan A= xvx*—a* —d?

+C

2

(i) J- xz+azdx=%xvxz+a2 +%10g
2
(i) J-\/az—xzdxzéxxlaz—x2 +%sin71£+c
a

forsread: TETReAl (i), (i) T (i) § %9 x = a secH, x = a tan® AR
X = @ sin®, TR T W f T GHEREH 1 A4 R ST Fehdl 2

x+vVx*+a® |+C
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3IETEATT 23 J‘w/x2+2x+5 dx ¥@ Hifu)
7o = e fw J‘w/x2+2x+5 dx=J‘\/(x+1)2+4 dx

Sic| x+1=yT@ W dx=dy, 7@
J.w/x2+2x+5 dx = J.\/y2+22 dy

1 4
=5y y2+4+510g y+\/y2+4‘+C [7.6.2 (i) SR 9

(x+DVx*+2x+5+2log | x+1++x* +2x+5 ‘+C

1

2

FETETOT 24 [V3-2x—x? dx F@ HIfST
¥

T Waﬁmﬁj 3-2x—x° dxzj\/4—(x+l)2 dx
3 x+1=yT@H W dr=dy
TUER  [V3-2x-x"dv= [{J4-)" dy

1 4
= 5 yf4=y +sin l%+C [7.6.2 (i3 S Q)

_ %(x+l)\/3—2x—x2 +2$in_1(x7+1j+C

| worereht 7.7 |
1 99 dh o Yl oF HoHl bl THRAA hifod|
Lo Ja—x? 2. 1-4x* 3. VX2 +4x+6

4 X +4x+1 S J1-4x—x* 6. x> +4x-5

2

x
7o N143x-x7 8. \Jx* +3x 9. 1+3
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YT 10 TS 11 | &l ST h II9 Hifeg)

10. j\/1+x2 dx SR 7

3

2 =
(A) %\/1+x2+%10g(x+\/1+x2)+C (B) §(1+x2)2+C
3 2
©) %x(l+x2)2+C (D) %\/1+x2 +%x210g x+N1+x* [+C

11. j\/x2—8x+7dx3|'€lﬁ|'{%
(A) %(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

(B) %(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
(©) %(x—4)\/x2—8x+7—3\/§log x—4+\/x2—8x+7‘+C
(D) %(x—4)\/x2—8x+7—%log x—4+\/x2—8x+7‘+C

7.7 TRty watehe™ (Definite Integral)

s uResal § e eIy THmherl o aR o seae e @ iR oo fafvre womi
o FHEhH Wied SAMYEd GHEher! Sl i S 1 o fafE W=l 1 g1 3™
Iiesg o g Tt wor o fafy=d wueher &1 stemeH i fAfy=a 9aeheq &1t

g o g 21wk ke geeher w jjf(x)dx,@ﬁrﬁ%lzﬁwwéaﬁ

b, GHRE 1 =0 T AU ¢, TR 1 T 9o ot 21 Fiv=d qaered &
oft=, =1 A R S S w9 H S S g SAUdl A AU [a, b] H THH hIS
yfasrashers F@ df iy dumeher &1 A oifqw fogsii W Far oMl o ofat srefq
F(b) — F(a) o a0 BId1 &, & ®9 § Hya1 S0 2| Fived orhed o 29 a4 &l
I B -7 == B
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7.8 &e @t 3NURY wHa (Fundamental Theorem of Calculus)
7.8.1 &3’5"—'5?! T (Area function)
LR jbf(x) dx H TE y = f(x), x-38T, TS N A

HIfeA x=adM x=b4 R & & &% &
wq § uRwrfod foren 2199 hfST [, b] Hx FE

g a@ J' " £(x) dx 3T 7.2 | BT BrEATHA

& % Ak i FEfyd & © [F8 98 9 )

for=n T ® 76 xe [a,b] % AU f(x)> 071 N
Frefafad e JM=Ia: o %ol o fag §f X<gra X X
T &1 TH SR &5 %1 &% x o A Wy

et 21 FH 7.2

TR VIl W 39 Difehd &5 w1 el x 1 Teh Her 81 8H x o 39 Held i A(x)
@ﬁrﬁf&!W{g%’lsﬁWA(x)ﬁgﬂmmm hel hed ¢ 3R I8 e frefafed g
T Y gidl 2

AW = [ flx)dx ()

79 g R enfd S SR T €1 9 €H F8T W ohol Skl A
FHifch STh! IUUT 9 UISATEIH i WA o SMET 2

7.8.2 UHT 1 GHIGET TIUTA i TIH SMIRYT G949 (First fundamental theorem
of integral calculus)

M ST o oT SFaUel [q, b] W £ Th Had B € 3 A (x) 8% %o 2| aa
qft x € [a, b F TAWA'(X) = f (%)

7.8.3 GHIHET TUTT &l Tgata ST ey (Second fundamental theorem of
integral calculus)

&0 9 T T Hequl THT 1 oA i @ T Gerdd 9 g ufdsteashers @
ST d B e gl s A A S

U 2 HA S foF 5% SaUe [a, b] W f Tk Ead ®er B AN £ 1 gidsterehers

b
F&1 @@ [ f(x)dx=[F(x)])=F () -F@)
fewoit

1. Wﬁ%ﬂuﬁazﬁwwmmﬁ%’ﬁjjf(x)dx:(f%qﬁrw
F&1 3=9 @9 b W 9F) — (39 9fd 1ahers &1 = @H ¢ W AF)|
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(i)

HHTh T 279
TE YT STcdd ST § itk 98 ' Ahd % e Fa Ty fam fafvem
AR &1 10w H STEH oty 98H #dt 2

e TR=d GHeher 1 8 | Sifeet GiRa Tk UH Hor 1 O T 8 e
SRS T T WHRC ¢l 9% STdhe 3R HHRGH & a9 daY i 3R

ST Ll B
jjf(x) dx ¥, [a, b] T e £ 1 GURHI T Had BT SAE9Th 81 SSEL0:

1
fafeea wHmeReH '[32x(x2 “1)2 dx I = BT Hifagers € it |91 A

1
[-2,3] & 9 —l<x<1 & fau f(x) = x(x* —1)2 g1 gz e f
R & R I:f(x) dx T T ok =0T (Steps for calculating J.:f(x)dx)

o

A= gahe™ jf(x) dx T FIfST) 7 AT ' Fx) B SHEREH TR

C &1 &7 1 ETIhdl T8l © ik A 89 F(x) o T&M WF(x) + C R fo=r
F A I T R

[ £ dv=[F (x)+C1" =[F(b) + C] - [F(@) + C] = Fb) - F(@)

o

30 YhR fY=a FHIeher 1 71 1 i W s R fadw €l o 2l

[F ()Y, = F(b) - F(a) 30 Fifr, st 5 [ f(x) dx 1 7 21
e BH D ST W R Y 2

3aT80T 25 Afafad aehadl &1 @[ [| Sifeu|

()

(iv)
'

()

3, . o AX 2 x dx
dx —d e
Lx v I4(30—)63)2 W Il()c+1)(x+2)

T
J-04 sin 2z cos2rdt

3
EERCIISIY I:I;xz dx g it J.xz dxzx?:F(x)
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(i)

(ii)

(iv)

TIfoTd

Ty, fgdta enemRyd 999 9 &9 9 € &%

27 8 19
m@ﬁq%lzjj#dxwgnwwwmwaﬁw?r%l
(30— x2)?

3

X2 =¢ TR - fdx dt awfdx_——dt

Jx 20ar 2[1] 2| 1 |
T YHR J-—édx:—g_'-?=3 =3 —[=FW
(30 — x2)? (30 — x2)
AT FHe &1 fgdia NURYd 999 9 &9 U &

9

R g P N [ (R
: (30 - x2) 4_3 (30-27) 30-8] 3[3 22] 99
T oife | xdx
-[1 (x+D)(x+2)
YT =1 o1 ST Y g B9 U B T
x I
(x+D(x+2) x+1 x+2
xdx
ggfee |——————=-1 1|+ 21 2|=F
j(x+1)(x+2) 0g|x+ |+ 0g|x+ | ()

3Td: o i Tgdia STRYd 799 § &0 i € fR
1=F(2)-F(1) = [- log3 + 2 logd] — [~ log2 + 2 log3]

32
=-31log3 +log2 + 2 log4 = log >
n
HH i, I:I04sin32tc052tdt.3w J.sin32tcos2tdttl'{1%|%m SHITSIT

) 1
sin 2t = u T W 2 cos 2t dt = du 3J1¥E1 cos 2t dt = E du
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3d: J-sm 2tcos2tdt—2_[ w’du

%[ ]:§sm 2t =F (r) 9 &iifeg

THfAY e 1 ot Semyd g9 |

1= F(—) F(0) = —[sm g—sm 0]=

| worarett 7.8 |

1 920 d% o Yo o ffy=a wmmeredi 1 99 6 sifsa

281

2
1. j_ll(x+1)dx 2. j—dx 30 [T@x 52 +6x+9) dx
L L S L
4. I;sin2xdx 5. J.()zcostdx 6. _[4€de 7. Igtanxdx
T
1 1 dx 1 dx 3 dx
8. | *cosecxdx 9. 10. 11.
Ig '|.° 1— %2 J-01+x2 J-sz—l
n 3 xdx 12x+3 1
2 a2 X d
12. Iocos xdx 3 -[zx2+1 J-05x2+1 15 one o
2 5x2 z 2 3
16. —_— 17. Y(2sec” x+x° +2) dx
'[1 X +4x+3 '[0( )
To. 02X 2 X 26x+3
18. sin“——cos” —) dx 1
s -[0( 2 2) > J-Ox +4

20. j;(x e* +sin %) dx
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U9 21 T 22 H Gl SW ] 997 HITSU

21. jﬁ N

I
A) 2 L o D) ~
A 3 ®) 5 © D) 3
2 d
22, [ e @
04+9x
A B) ~ o) = D) X
) ®) - © 5 ®) -

7.9 yfaeams g fHfvera @Htehe il st M 71 KT (Evaluation of Definite
Integrals by Substitution)

froe uf=sel § o A= SHeher o S %1 eFe fafedl &1 ==l ®1 2
AT quehe T 6 H1 Hecqul fafuai § ww fafy ufaeers fafa 2

Wﬁfﬂ@jjf(x)dx,mﬂﬁaﬁmﬁéﬁmdﬂowqeh oo Frefafad 2
. EAReH & R o "l o far fomm ity 3R y = £(x) U6 x = g ()
yiceentya sifsre @fsr feom gsm Turwhe U A &9 § uRafda & s
2. OUTheH =R H1 el fRu foA1 U SHehed 1 AU SR o WUe SHiehe

IS
3. U ER % M W YH: FAend sifey 3R SR i gel =X ok ®9 § fafEy
4. =01 (3) W WK ST 1 HEhCH i & g8 WS W HH 6 it 3R 3=
o ot 99 W e di e aret e ST S Ja il

g faf i dioer s o fore gn frefefad R om 98 gehd 2|
=T (1) T (2) I FH o o€ WO (3) F KT H STERAFRA ol ol TaT
AR 1 T =R % &9 H @M Sl 8 3 GHERCH i HEie i T =R’ o 38R
ufEfda T oid ® @ifh g9 WY sifaw =)or 1 TR R Tl
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ET 3H TH I U T B
IETEITT 26 j_115x4\/x5+1dx 1 WA TG RIS
TA =%+ 1, T W dt = 5¢* dx

3
(X°+1)2

W

zHfa jsx“ ¥ +1dx _[ﬁdt:%t -

(SSEE )

_ .
2 =
3d: _[15x4 C+lde = = (x5+1)2}
1 3
L -1

20 5 0s S
=|a +D2 (=1 +1)2}

3 3
:2 22_02} =g(2\/§)zﬂ
3 3 3
faheud: GayeT €9 THREH ®1 SUTU H ¢ R q9 ®YaRd a1 T
el & U’ 91 Fd i B
EIERCIIE L t=x"+ 1.9 dt =5 x* dx 2 FHifSW fF

S| x=—1@t=03AR S x=1ar=2
3A: AY-SY x, — 1 ¥ 1 g URafdd e & S9-o9 ¢, 0 § 2 ae uRafid g 2l
1 2
Tafere _[_15x4 x5+1dx:.|.0\ﬁdt
2[2T o[ 2 21 2 43
=§{f }0—5{2 0t =50 =
mnjltan_lzxdxmnﬂaﬁaﬁml

0 1+x

1 T
T WM ST £ = tan ~'x, T dt=1+x2 dx <7a x=oa‘lt=03ﬁ1mx=1a‘ltzz

o SR8 x, 09 | 7% TRt e £ -3 0 gawﬁaﬁam%l

-1 T [2 4 2 2
ggferT _[ltan fdx: L;‘rd{— I LS

0 14x 2,
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| wv=TEet 7.9 |
1 ¥ 8 T o U¥Hl FHThHEH! 1 A UfaCemT 1 IUAM $3d g A it
1 ox - Loy 2x
1. J0x2+1dx 2. J.Oz,/smq)cossq)dq) 3. _[OSIH (1+x2jdx
2
4. [ xVx+2dx (v 42 = pefEm) 5. j sin x
0 1+ cos’ x
> dx I dx 1 1),
. 7. R e— . ———|ed
6 J‘Ox+4—xz J‘—1)c2+2x+5 6 Il[x 2x2je X
Y9 9 TS 10 § Wl ST 1 Fa1 iU
1
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Tl oh UM Sl FHRE = YoH He x fgdt wed o1 TR — (9o
theld <hl 3dchcd ‘\LUII":h xfg?ﬁ'&l theld <hl H‘-Ilchﬂ"l} bl HHI AT . UH Theld
d fgdia wer & 999 § HEeE W =iy eeadn g9 U o i fgdd
T o ®9 H oAl GIET SR SHehed g6 wfd- i 9 2

¢ [e'lf+ fldx=[e f(x)dr+C
¢ o fafyte yeR & gHTRe

2

0 [P de= 2=~ Ltog| x4 a4 C
2

i) [N a de= 2w + L tog|x v [+

2
(iii) I az—x2dx=%\/a2—x2 +%sin_1£+C

a

dx .
iv —?H%H — % Y%N o HHhH i YIS
W Jax +bx+c J‘\/ax2+bx+c

w9 § frefataa fafy g ofafda fean s g 2

2 2
ax* + bx + ¢ = a[x2+éx+£}=a[(x+i) +[£_b_zﬂ
a a 2a a 4a

px+qu px+qdx .
) Iax o I\/T T o AR shi JTHITOTH
ax

®q § ufafda feen s gl o
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px+q=A%(ax2+bx+c)+B=A(2ax+b)+B,AT'T9«TIBWII'F{EHT‘T

T o foTq <Al qel @ Okl 1 qer i Sl 2l
o T [ (o) dx B, T y=f(), a < <b, x99 T B v=aoWa=b
T R &5 o eehe o &9 | Rt R 81 5 i (g, b] § x T fag
HE j:f(x) dx &FA BT A (x) I FEUd w3 81 &5%d B

GheUl BH Her 1 SURYD F9a 1 iR Frefafed &9 & ufa w2
¢ TUTHEN WU hi UOW MURIYA WHT OF ST foh &FAwA wed

A(x):j:f(x)dx, V x> q, 51 TR © SEf W £ a0 [a, b] T Had

e HAT T Bl d9A () =f(x) V x € [a, b]
¢ TETHER T W fgdta saRy wHa
A AT Rt &% ST [a, b] R f, x 1 Had Her € SR F T T Held

g el %F(X)=f(X),f % W o |l x ok faw ®, 9@

b b
ja f(x)dx=[F(x)+C] =F (b)-F (a)

Te ISR [q, b] T £ 1 = SHIeheH Feeld © Sl o 9 b el
1 T weerdl & o T HiH Feard © 3R bRl S=9 || wEd B

K/

—_— e —

*
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